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Abstract
We study the thermal response of a single spherical metal nanoparticle to continuous wave illumi-
nation as a function of its size. We show that the particle temperature increases non-monotonically
as the particle size increases, indicating that the photo-thermal response can be optimized by tuning
the particle size and illumination wavelength. We also compare the size-effect on the photo-thermal
effects of gold and silver nanoparticles and find somewhat surprisingly that Ag NPs are more ef-
ficient heat generators only for sufficiently small sizes. These results have importance primarily
for application such as plasmon-assisted photo-catalysis, photothermal cancer therapy etc., and
provide a first step toward the study of the size-dependence of the thermo-optic nonlinearity of
metal nanospheres.
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I. INTRODUCTION
Metal nanoparticles (NPs) have been studied extensively for the last few decades because
of their ability to confine and enhance the electromagnetic field to a sub-wavelength scale.
They have found a wide variety of applications [1, 2] such as optical devices in nanoscale [3],
optoelectronics [4], biological sensing [5, 6], and biomedicine [7, 8]. In addition to the good
field enhancement and scattering properties, plasmonic nanoparticles have been shown to
be ideal heating nanosources when subjected to illumination at their plasmonic resonance
wavelength [9–12]. This active research field based on the Joule effect of metal NPs un-
der illumination is usually referred to as thermo-plasmonics [9, 11] and has led to a wide
range of emerging applications, especially in biology and energy harvesting, e.g., photo-
thermal imaging [13–15], photothermal therapy [13, 16–18], thermo-photovoltaics [19, 20],
plasmonic-heating-induced nanofabrication [21, 22], fluid and molecule dynamics and control
in biological applications [23–25], water boiling [26] and plasmon-assisted photocatalysis [27–
32].
Under CW illumination, the temperature rise of the NP is determined by the balance
between the incoming illumination energy flow and an equal flow of heat to the environment.
For sufficiently small particles, it is possible to calculate the absorption by employing the
so-called quasi-static approximation. Under this approximation and for fixed illumination
intensity, the particle temperature increases monotonically with the particle size. However,
as we shall see, the particle temperature varies non-monotonically with the particle size in a
manner that was not studied thoroughly so far. Therefore, the present study highlights the
importance of the size-dependent particle temperature to identifying the optimal conditions
for heat generation. In order to avoid additional complexity due to nonlinear effect [33],
i.e., the temperature-dependence of the optical and thermal properties of the materials, we
limit the illumination intensity such that the particle temperature rise is lower than 100
K such that the material parameters can be assumed to be temperature-independent, as
suggested in [34]. We focus on modeling the heat generation from a single metal NP. We
trace the nature of the non-monotonic behavior to the contributions of the electric dipole
and quadrupole modes to the absorption cross-section of the NP. Finally, we compare the
size-dependence of photo-thermal response of Au and Ag NPs and identify the particle
size and illumination wavelength that yield optimal heat generation. We find, somewhat
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surprisingly, that while Ag NPs are more efficient heat generators for sufficiently small sizes,
Au NPs become more efficient for larger NPs.
This work is critical for the optimization of the photo-thermal effect in all the above men-
tioned applications. Most importantly, since thermal effects were shown to be responsible
for observations of faster chemical reactions in some of the most famous papers on the topic
(see discussion in [27–29, 35]), our work can be used to interpret correctly the differences in
chemical reaction enhancements originating from the use of metal particles of different sizes.
II. CONFIGURATION AND METHODOLOGY
We consider a single spherical metallic NP of radius a in a loss-less dielectric host ǫh
illuminated by a high intensity CW laser. The absorption of incident photons causes the
NP to heat up, an effect which is balanced by heat transfer to the environment such that the
temperature reaches a steady state. In this case, the heat equation reduces to the Poisson
equation,
∇ · (κ(r)∇T (r)) = −pabs(ω, r), (1)
where κ is the thermal conductivity and pabs(ω, r) is the absorbed power density. Here,
we only consider one-photon absorption and neglect potential multi-photon absorption so
that the time averaged absorbed power density is given by pabs(ω, r) =
ω
2
ε0ε
′′(ω)|E(ω, r)|2,
where E(ω, r) is the total (local) electric field. The total (local) electric field and, thus, the
absorbed power density can be in general obtained by the Mie solution [36] to the Maxwell’s
equations. For very small spherical NPs, one can solve the Maxwell’s equations numerically,
or based on the quasi-static (QS) approximation [36].
Since the heat source pabs(ω, r) in Eq. (1) is, in general, spatially-dependent, it has no
simple closed-form solution. Thus, we used COMSOL Multiphysics to solve the Maxwell’s
equations to obtain the electromagnetic fields and pabs(ω, r) and then solved Eq. (1) to obtain
the temperature distribution. For solving the Maxwell’s equations, a plane-wave illumina-
tion was set by using a port boundary condition; perfectly matched layers and scattering
boundary conditions were used in the surrounding boundaries in order to eliminate unphys-
ical reflections. For the temperature calculations, we applied transformation optics to the
heat equation [37, 38] and carefully assigned the perfectly matched layers with an anisotropic
3
thermal conductivity to reduce the volume of the simulation domain. This approach is po-
tentially more accessible compared with the volume integral simulation techniques described
in [39].
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FIG. 1. (Color online) (a) The absorbed power density and (b) the temperature distribution of a
single Au NP (40 nm in radius) in oil under an illumination (y-polarized, incidence along z-axis)
with intensity 40 kW/cm2 at wavelength of 532 nm. The black solid line represents the averaged
absorbed power density p¯abs in (a) and the approximate analytic Mie-heat solution (2) in (b). The
blue-circle, red-square and green-triangle dots represent the COMSOL simulation results along x-,
y- and z-axis, respectively. The inset in (b) shows the zoomed-in region of the NP.
Fig. 1 shows the COMSOL simulation results of the absorbed power density and the
temperature distribution of a single Au NP of 40 nm in radius subjected to CW illumination
at wavelength 532 nm. The numerical solution shows that the temperature and absorbed
power density inside the NP are spatially non-uniform due to the decay of the local field
away from the metal-dielecric interface. In addition, the absorbed power density along the
z axis is different from that along the x and y axes. This happens due to the constructive
interference of the electric dipole and quadrupole moments along the axial direction [36].
However, while the absorbed power density non-uniformity might be significant (∼
25% - 50%, especially, when high-order multipoles are excited), the NP temperature non-
uniformity is quite small (< 0.06% , see the inset in Fig. 1(b)). This is in agreement with
simulations performed previously even for strongly asymmetric particles and/or sources [10]
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which also showed that the reason for the weak non-uniformity is the high thermal conduc-
tivity of the metal. This observation allows us to simplify the problem significantly and to
obtain an approximate analytic solution of Eq. (1). Specifically, we replace the spatially non-
uniform absorbed power density in Eq. (1) by its volume average [10], which can be written as
a product of the illumination intensity Iinc and the absorption cross-section Cabs, divided by
the volume of the NP, namely, p¯abs(ω) ≡ 3
4πa3
ωε0
2
∫
d3rε′′m(ω)|E(r, ω)|2 =
3
4πa3
IincCabs(ω).
Then, we integrate Eq. (1) and apply the Gauss law to convert the volume integral on the
left hand side into a surface integral and then integrate over the radius. We obtain [10]


T (r) = Th,0 +
p¯abs(ω)a
2
3κh
[
1 +
κh
2κm
(
1− r
2
a2
)]
, for r 6 a,
T (r) = Th,0 +
p¯abs(ω)a
3
3κhr
, for r > a.
(2)
where Th,0 is the ambient temperature; we hereafter label the ambient properties (zero inci-
dent intensity limit) by a subscript 0. Eq. (2) shows that the variation of the temperature
inside the NP is at the order of ∼ κh/κm which is small for common gas and liquid host
but can be substantial for dielectric solid host, e.g., for semiconductors [40]. As shown in
FIG. 1(b), the approximate analytic solution Eq. (2) is in excellent agreement with the
simulated temperature distribution [41]. Thus, it justifies (a-posteriori) the neglect of the
spatial dependence of absorbed power density, and more generally, of the results of previ-
ous studies of the nonlinear thermo-optic response that relied on the uniform temperature
assumption [33, 34].
Hereafter, we denote the particle temperature TNP by its surface temperature,
TNP = Th,0 +
p¯abs(ω)a
2
3κh
= Th,0 +
Cabs(ω)Iinc(ω)
4πκha
. (3)
We also label the solution (3) with Cabs obtained from Mie theory and QS approximation
by Mie-heat solution and QS-heat solution, respectively. Having established the similarity
of the exact numerical solution with the Mie solution, we focus in what follow on the Mie
solution and the differences from the QS solution.
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III. TEMPERATURE OF NANOPARTICLES OF DIFFERENT SIZES
A. A heuristic analysis
The solution of Eq. (3) implies that, in general, ∆TNP ≡ TNP − Th,0 ∼ Cabs/(κha). For
NPs sufficiently small with respect to the wavelength, the electric field within the NP is
uniform such that the absorption cross-section scales as a3/λ. In this case, the particle
temperature scales quadratically with the radius. In contrast, for NPs sufficiently large
with respect to the skin depth, the total absorbed power originates mainly from the surface
layer of the particle and is approximately proportional to a2. In this case, one expects the
particle temperature to be proportional to a, i.e., to show a slower (yet monotonic) increase
of temperature. However, the numerical results below show that the particle temperature
undergoes much more complex variations with the particle size, due to the non-trivial modal
response of the particle. We show this through numerical examples.
B. Numeric results - Au NPs
In FIG. 2, we show the QS-heat and the Mie-heat solutions of Eq. (1) for gold NPs of
different sizes at wavelengths of 532 nm, 560 nm and 594 nm for a fixed incoming intensity of
40 kW/cm2, we also show the contribution from the electric dipole and electric quadrupole
modes to the Mie-heat solutions. For sufficiently small particle sizes (a . 10 nm), the Mie-
heat solutions show that ∆TNP increases quadratically with the radius, in agreement with
the QS-heat solution; this verifies the validity of the results in Ref. [33, 34] for such small
NPs.
However, for larger NPs, the behaviour is more complicated. Specifically, ∆TNP increases
with the particle radius at a lower and somewhat oscillatory rate for λ = 532 nm, see
FIG. 2(a). For the longer wavelengths, ∆TNP exhibits a more interesting behaviour, see
FIG. 2(b) and (c). Specifically, for λ = 560 nm, the particle temperature rise given by the
Mie-heat solution is ∼ 10% higher than that given by the QS-heat solution for particle radius
of 15 nm . a . 35 nm. For even larger particles, the size-dependence of ∆TNP exhibits an
oscillatory behaviour which is not captured by the heuristic analysis above. For λ = 594
nm, the oscillatory size-dependence of ∆TNP is similar to the case of λ = 560 nm, but the
range of sizes for which the Mie-heat temperature is higher than the QS-heat solution is
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FIG. 2. (Color online) The temperature rise of gold NP in oil given by the QS-heat method (green
dots) and the Mie-heat method (black solid line) as a function of particle radius a under illumination
with fixed incoming intensity 40 kW/cm2 at wavelength (a) 532 nm, (b) 560 nm and (c) 594 nm.
For the Mie-heat method, the contribution from the electric dipole and electric quadrupole to the
particle temperature rise are represented by blue dashed line and red dash-dotted line, respectively.
wider and the temperature difference is greater (∼ 30%).
Both the higher particle temperature predicted by the Mie-heat solution and the non-
monotonic size-dependence of the particle temperature can be attributed to the contribution
of various multipoles to the absorption cross-section. In order to see that, we show in FIG. 3
and analyze in Appendix A the contributions to the absorption cross-section from the dipole
and quadrupole modes for Au NPs of different sizes. One can see from FIG. 3 that for particle
sizes of a < 50 nm, the electric dipole mode dominates the absorption cross-section and that
its contribution increases and shifts from 550 nm to longer wavelengths and then decreases
in its quality factor as the particle size increases (see Eqs. (A6) and (A8)). The red-shift
of the electric dipole resonance from 550 nm makes the illumination at longer wavelengths
closer to resonance, an effect which is not captured by the QS approximation. This not only
explains the faster growing rate of the Mie-heat temperature compared to that of the QS-heat
solution for small particle sizes, but also explains that such faster growing rate only occurs
for wavelength longer than 550nm. Secondly, for particle sizes of a = 50 nm, the electric
quadrupole mode shows up at around 550nm. As the particle size further increases, the
electric quadrupole mode contribution gets stronger, shifts to longer wavelengths and then
dominates over the electric dipole mode (see Appendix A). The further shift and weakening
of the electric dipole response, as well as the emergence of the electric quadrupole mode
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FIG. 3. The (linear) absorption cross-section of gold NPs of difference sizes immersed in oil. The
contribution from the electric dipole (solid line) and electric quadrupole mode (dashed line) to the
total absorption cross-section (circles) are shown separately.
explains the non-monotonic dependence of particle temperature on the particle size for
wavelengths longer than 550 nm.
C. Numeric results - Ag NPs
FIG. 4(a) and (b) show the comparison of the size-dependent particle temperature be-
tween the QS-heat solution and the Mie-heat solution for Ag NP under illumination intensity
20 kW/cm2 at wavelength 420 nm (the plasmon resonance wavelengrth for small Ag spheres
in oil) and 450 nm, respectively. The particle size range in which the QS-heat solution
agrees with the more accurate Mie-heat solution is now much smaller than 10 nm. The
non-monotonic size-dependence of the Ag NP temperature is again due to the red-shift of
the dipole and due to the emergence of the quadrupole resonance, qualitatively similar to
the case of Au NPs. The difference in the non-monotonic size-dependence between Ag and
Au NPs is caused by the much smaller value of |ǫ′′m/ǫ′m| for Ag than that of Au.
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IV. DISCUSSION
The oscillatory size-dependence of particle temperature rise shown in the numerical ex-
amples above implies that there exists an optimal size of NPs as nano-heating sources for
each wavelength. Since the plasmonic resonance shifts to longer wavelengths when the parti-
cle size increases, as shown in FIGs. 3 and 5(a), one can further optimize the performance of
the photo-thermal response by choosing the illumination wavelength to match the plasmonic
resonance of the metal NP. For example, we show in FIG. 5(b) the size-dependence of the
particle temperature rise at the corresponding resonance wavelength. The combination of
Figs. 5(a) and 5(b) shows that under the electric dipole (quadrupole) resonance condition
the highest temperature rise occurs at a = 32 nm & λ = 564 nm (a = 86 nm & λ = 572 nm)
for Au and a = 10 nm & λ = 420 nm (a = 40 nm& λ = 410 nm) for Ag NPs. In addition,
for the electric dipole (quadrupole) resonance, the temperature rise of Ag NP is higher than
that of Au NP only for particle size a < 20 nm (a < 60 nm).
The size-dependence of the particle temperature rise under the electric dipole resonance
condition (A6) can be understood by the Pade´ approximation for the absorption cross-
section (A8). As the particle size increases, the absorption cross-section (A8) first increases
with the NP volume (x3 in the numerator), then it is subsequently enhanced by the dynamic
depolarization (x2 in the numerator and the denominator) and finally is suppressed due to
the radiation damping (x3 in the denominator). Eq. (A8) can also be used to explain the
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FIG. 4. (Color online) The temperature rise of an Ag NP in oil given by the QS-heat method
(green dots) and the Mie-heat method (black solid line) as a function of particle radius a under
illumination of 40 kW/cm2 at wavelength (a) 420 nm and (b) 450 nm.
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material-dependence of the particle temperature rise. For small particle sizes, the absorption
cross-section (A8) is inversely proportional to ε′′m, so the temperature rise is higher for low
loss metal NP, in agreement with previous results [11, 34]. However, when the particle size
increases and becomes large enough so that the radiation damping term (x3 term in the
denominator of (A8)) dominates, the absorption cross-section becomes directly proportional
to ε′′m, so the temperature rise is higher for lossy metal NPs. The size- and material-
dependence of the temperature rise associated with the electric quadrupole resonance are
qualitatively similar to those of the electric dipole resonance except that ∆TNP ∼ a4 for
small particle sizes (see Eq. (A9)).
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FIG. 5. (Color online) (a) The resonance wavelength and (b) The particle temperature rise of
Au and Ag NPs in oil as a function of particle radius a under illumination of 40 kW/cm2 at the
corresponding resonance condition. The solid and dashed lines represents the electric dipole and
quadrupole modes, respectively.
The oscillatory size-dependence of particle temperature rise shown in FIGs. 2 and 4 can
be used to explain results of various previous experiments. Specifically, the local minimum
of the size-dependent fluence threshold for photothermal bubble generation [42–44].
This study is also an important step towards achieving a quantitative match between
experimental results and verifying the thermal effect [33, 34] being the underlying mechanism
responsible for the nonlinear scattering of CW illumination observed in [45–47].
We should mention that our model can be further improved. For example, Meng et al. [48]
used the more accurate the two-temperature model [49] that accounts for the differences
between the electron and lattice temperatures, and accounts for the Kapitza resistance [50–
10
55]. This study also showed that the photo-thermal response can be further improved by
carefully adding multiple metal shells.
Finally, we note that if one is interested in studying the thermal response for temperature
rise greater than 100 K, it is necessary to take into account the temperature dependence of
the optical and thermal properties of the metal (and its surroundings) when calculating the
field and temperature under intense illumination conditions [33]. A complete temperature-
dependent and size-dependent model for the photothermal response will have to be left for
a future study.
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Appendix A: Detailed analysis of the size-dependence of the absorption cross-
section
In this Appendix, we analyze in detail the size-dependence of the absorption cross-section
of a nanosphere. Based on Mie theory [36], the absorption cross-section can be quantified by
the Mie coefficients, denited by an’s and bn’s. Since we are interested only in metallic NPs,
in this analysis we will focus on an’s, which are responsible for the plasmonic resonance.
The electric Mie coefficient an is given by [36]
an =
mψn(mx)ψ
′
n(x)− ψn(x)ψ′n(mx)
mψn(mx)ξ′n(x)− ξn(x)ψ′n(mx)
, (A1)
where m =
√
εm/εh is the contrast parameter, x = ka is the size parameter, k =
√
ǫhω/c0
is the wavenumber of the host, while ψn(ρ) and ξn(ρ) are the Riccati-Bessel functions:
ψn(ρ) = ρjn(ρ), ξn(ρ) = ρh
(1)
n (ρ). (A2)
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By applying the Pade´ approximants [56, 57], the first electric Mie coefficient a1 is approxi-
mated by
a
[3/3]
1 ≈
−i2
3
εm − εh
εm + 2ǫh
x3
1− 3
5
εm − 2εh
εm + 2εh
x2 − i2
3
εm − εh
εm + 2εh
x3
≡ −2i
3
(εm − εh)x3
q1(ε′m, ε
′′
m, εh, x) + iq2(ε
′
m, ε
′′
m, εh, x)
,
(A3)
where r and s in [r/s] denote the highest order of the polynomial in the numerator and
denominator of the Pade´ approximated function, respectively. Specifically,
q1(ε
′
m, ε
′′
m, εh, x) = ε
′
m
(
1− 3
5
x2
)
+ 2εh
(
1 +
3
5
x2
)
+
2
3
ε′′mx
3, (A4)
and
q2(ε
′
m, ε
′′
m, εh, x) = ε
′′
m
(
1− 3
5
x2
)
− 2
3
(ε′m − εh)x3. (A5)
The x2 and x3 terms in the denominator are, respectively, recognized as the dynamic
depolarization [58] and radiation damping [59]. The dipole resonance condition can be
determined by the zero of the real part of the denominator of a
[3/3]
1 , i.e., q1 = 0, which is
satisfied for
ε′m =
−2εh(1 + 3x2/5)− 2ε′′mx3/3
1− 3x2/5 . (A6)
The quality factor of the resonance is determined by the imaginary part of the denominator
of a
[3/3]
1 , i.e., q2. One can clearly see the red-shift and the reduction in the quality factor of
the dipole resonance from Eq. (A6) and (A5) due to the increase of particle size.
The contribution of the electric dipole to the absorption cross-section can be explicitly
written as
C
ed[3/3]
abs =
6π
k2
[
Re(a
[3/3]
1 )− |a[3/3]1 |2
]
≈ 12π
k2
ε′′mεhx
3(1 + x2)
q21 + q
2
2
. (A7)
The electric dipole absorption cross-section under resonance condition can be obtained
by substituting Eq. (A6) into Eq. (A7)
C
ed[3/3]
abs,res ≈
12π
k2
ε′′mεhx
3(1 + x2)
[ε′′m (1− 3x2/5)− 2 (ε′m − εh)x3/3]2
. (A8)
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FIG. 6. (Color online) The absorption cross-section of gold NP in oil given by the Mie theory
(black solid line) as a function of particle radius a at wavelength (a) 532 nm, (b) 560 nm and
(c) 594 nm. The contribution from the electric dipole and electric quadrupole to the absorption
cross-section (and their Pade´ approximation) are represented by blue dashed line (blue circles) and
red dash-dotted line (red squares), respectively.
The Pade´ approximated second electric Mie coefficient a2 can be obtained similarly [60]
a
[5/5]
2 ≈
− i
15
εm − εh
2εm + 3εh
x5
1 +
5
7
εh
2εm + 3εh
x2 − 5
1323
ε2m + 30εmεh − 45ε2h
εh(2εm + 3εh)
x4 − i
15
εh
2εm + 3εh
x5
. (A9)
After some lengthy algebra, one can see from C
eq[5/5]
abs =
10π
k2
[
Re(a
[5/5]
2 )− |a[5/5]2 |2
]
that
C
eq[5/5]
abs changes with the particle size in a similar way to C
ed[3/3]
abs except that C
eq[5/5]
abs ∼ x5
for small particle size.
In FIG. 6, we show a comparison of size-dependent Cabs of a single Au NP between the Mie
theory and the Pade´ approximation. The Pade´ approximation shows excellent agreement
with the Mie theory for particle size a . 60 nm.
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